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NOTES ON THE GEOMETRY OF SPACE OF POLYNOMIALS
HAN JU LEE
Abstract. We show that the symmetric injective tensor product space ⊗ˆn,s,εE
is not complex strictly convex if E is a complex Banach space of dimE ≥ 2 and
if n ≥ 2 holds. It is also reproved that ℓ∞ is finitely represented in ⊗ˆn,s,εE
if E is infinite dimensional and if n ≥ 2 holds, which was proved in the other
way in [3].
The real geometric properties of spaces of polynomials are discussed in [1, 6]. In
particular, it is shown that the symmetric injective tensor product space ⊗ˆn,s,εE
is not strictly convex if E is a Banach space of dimE ≥ 2 and if n ≥ 2 holds.
Let E be a Banach space over a real or complex filed and E′ is denoted as the
Banach dual of E. An element x in the unit sphere SE is called a (real) extreme
point of the unit ball BE if for some y ∈ E,
‖x± y‖ ≤ 1
implies y = 0. Recall that a Banach space E is said to be strictly convex if every
element of SX is an extreme point of BE . Suppose for the moment that E is a
complex Banach space. An element x in the unit sphere SE is said to be a complex
extreme point if for some y ∈ E,
sup{‖x+ ζy‖ : ζ ∈ C, |ζ| = 1} ≤ 1
implies y = 0. A complex Banach space E is said to be complex strictly convex
if every point in SE is a complex extreme point of BE . Notice that if a complex
Banach space is not complex strictly convex, then it is not strictly convex.
Given a Banach space E, the space ⊗n,sE consists of all tensors of the form
u =
k∑
j=1
λjxj ⊗ xj ⊗ xj · · · ⊗ xj ,
where xj are elements in E for j = 1, . . . , k and λj ’s are scalars. Now define its
injective norm as
‖u‖ε = sup


∣∣∣∣∣∣
k∑
j=1
λj〈φ, xj〉
n
∣∣∣∣∣∣ : φ ∈ BE′

 .
We denote the completion of ⊗n,sE with this norm by ⊗ˆn,s,εE. It is clear that
⊗ˆn,s,εE
′ is a closed subspace of space P(nE) of all n-homogeneous polynomials
(For more details, consult [2, 4].)
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1. Main Results
We begin with the following useful observation which is a modification of Theo-
rem 2.2 in [7].
Lemma 1.1. Let F be a finitem-dimensional Banach space with the Banach-Mazur
distance d(F, ℓm2 ) ≤ d. Then there exist {xj}
m
j=1 in F and {φj}
m
j=1 in SF ′ such that
for each i = 1, . . . ,m,
(1.1) 1 ≤ 〈φi, xi〉 ≤ d, 〈φj , xk〉 = 0 for all different j, k,
(1.2) 1 ≤ min
1≤k≤m
‖xk‖ ≤ max
1≤k≤m
‖xk‖ = ‖x1‖ ≤ d
and for every real r ≥ 2,
(1.3) sup


(
m∑
k=1
|〈φ, xk〉|
r
) 1
r
: φ ∈ BF ′

 = ‖x1‖.
Proof. We shall identify (ℓm2 )
′ with ℓm2 . Consider an isomorphism T : ℓ
m
2 → F with
‖T ‖ ≤ d and ‖T−1‖ = 1. Since ‖(T ∗)−1‖ = 1, we get ‖φ‖ ≤ ‖T ∗(φ)‖2 for every
φ ∈ F ′. Then there exists φ1 ∈ SF ′ such that
1 ≤ ‖T ∗(φ1)‖2 = max{‖T
∗(φ)‖2 : φ ∈ BF ′} ≤ d.
Then there exists φ2 ∈ SF ′ such that
1 ≤ ‖T ∗(φ2)‖2
= max
{
‖T ∗(φ)‖2 : φ ∈ BF ′ , 〈T
∗(φ), T ∗(φ1)〉 = 〈T
∗(φ), T ∗(φ1)〉2 = 0
}
,
where 〈·, ·〉2 is the standard inner product in ℓ
m
2 and x denotes {x(k)}
m
k=1 if x =
{x(k)}mk=1.
In this way, we obtain m vectors {φk}
m
k=1 in SF ′ such that {T
∗(φk)}
m
k=1 are
orthogonal. Taking wk = T ∗(φk)/‖T
∗(φk)‖2 for each k = 1, . . . ,m, let xk = T (wk)
for each k = 1, . . . ,m. Notice that
〈φi, xj〉 = 〈φi, T (wj)〉 = 〈T
∗(φi), wj〉 = ‖T
∗(φj)‖2δij ,
where δij = 1 if i = j and δij = 0 if i 6= j. So (1) is satisfied.
Since {wk}
m
k=1 is an orthonormal basis in ℓ
m
2 , we get for each φ ∈ BF ′(
m∑
k=1
|〈φ, xk〉|
2
) 1
2
=
(
m∑
k=1
|〈φ, T (wk)〉|
2
) 1
2
=
(
m∑
k=1
|〈T ∗(φ), wk〉|
2
) 1
2
= ‖T ∗(φ)‖2 ≤ ‖T
∗(φ1)‖2.
Hence we have
sup


(
m∑
k=1
|〈φ, xk〉|
r
) 1
r
: φ ∈ BF ′

 = ‖T ∗(φ1)‖2 = 〈φ1, x1〉 ≤ ‖x1‖.
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It is also clear that
sup


(
m∑
k=1
|〈φ, xk〉|
r
) 1
r
: φ ∈ BF ′

 ≥ max1≤j≤m ‖xj‖.
Notice also that 1 ≤ ‖xj‖ = ‖T (wj)‖ ≤ d for every 1 ≤ j ≤ m. Hence we have
obtained m vectors {x1, . . . , xm} satisfying equations (1.2) and (1.3). 
Boyd and Ryan showed in [1] that ⊗ˆn,s,εE is not real strictly convex for every
n ≥ 2 and dimE ≥ 2. In the case of a complex Banach space we have the following
Theorem 1.2. Let E be a real (resp. complex) Banach space of dim ≥ 2. Then
for n ≥ 2 the space ⊗ˆn,s,εE and P(
nE) are not real (resp. complex) strictly convex.
Proof. We shall prove the complex case. The proof can be easily applied to the real
case. It is enough to show that ⊗ˆn,s,εE is not complex strictly convex. For each
two dimensional subspace F of E, by applying Lemma 1.1, we have two vectors
x1, x2 such that 1 ≤ ‖x2‖ ≤ ‖x1‖ and
sup
φ∈B
F ′
(|〈φ, x1〉|
n + |〈φ, x2〉|
n) = ‖x1‖
n.
Now let
u =
1
‖x1‖n
x1 ⊗ x1 ⊗ · · · ⊗ x1,
v =
1
‖x1‖n
x2 ⊗ x2 ⊗ · · · ⊗ x2.
Then ‖u‖ε = 1 and v 6= 0. Notice that for each |ζ| ≤ 1,
‖u+ ζv‖ε =
1
‖x1‖n
sup
φ∈B
E′
|〈φ, x1〉
n + ζ〈φ, x2〉
n| ≤ 1.
Therefore u is not a complex extreme point. The proof is done. 
In the following theorem we reprove the Dineen’s result in [3] by applying
Lemma 1.1.
Theorem 1.3. [3] Let E be an infinite dimensional Banach space. Then ℓ∞ is
finitely represented in ⊗ˆn,s,εE and P(
nE) for every n ≥ 2.
Proof. By the Dvoretzky theorem [5] we can choose for any positive integer m and
any ǫ > 0 an m dimensional subspace F in E with d(F, ℓm2 ) ≤ 1+ǫ. By Lemma 1.1,
we have m elements {xj} in F and {φj} in SF ′ satisfying (1.1), (1.2) and (1.3) with
d = 1+ ǫ. For any (αi)
m
i=1 ∈ Sℓm∞ , using the Hahn-Banach extension,∥∥∥∥∥
m∑
i=1
αi xi ⊗ · · · ⊗ xi
∥∥∥∥∥
ε
= sup
φ∈B
E′
∣∣∣∣∣
m∑
i=1
αi〈φ, xi〉
n
∣∣∣∣∣
≥ max
1≤j≤m
|αj |〈φj , xj〉 ≥ 1,
and we also get∥∥∥∥∥
m∑
i=1
αi xi ⊗ · · · ⊗ xi
∥∥∥∥∥
ε
= sup
φ∈B
E′
∣∣∣∣∣
m∑
i=1
αi〈φ, xi〉
n
∣∣∣∣∣
≤ sup
φ∈B
E′
m∑
i=1
|αi||〈φ, xi〉|
n ≤ ‖x1‖
n ≤ (1 + ǫ)n.
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The proof is complete. 
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